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Abstract 

We study the symplectomorphisni groups Gx = SympQ(M, wa) of an arbitrary closed man- 
ifold M equipped with a 1 -parameter family of symplectic forms ojx with variable cohomology 
class. We show that the existence of nontrivial elements in 'k^{A,A'), where {A, A') is a suit- 
able pair of spaces of almost complex structures, implies the existence of families of nontrivial 
elements in 7r^-iG\, for i = 1 or 2. Suitable parametric Gromov Witten invariants detect 
nontrivial elements in 7r^{A,A'). By looking at certain resolutions of quotient singularities 
we investigate the situation (M, u;^) = (5"^ x S"^ x X,ap (B Xcfb (BiVst), with {X,uJst) an arbi- 
trary symplectic manifold. We find families of nontrivial elements in 7rfc(G^), for countably 
many k and different values of X. In particular we show that the fragile elements wn found 
by Abreu-McDuff ^ in vr4£(G^' do not disappear when we consider them in S"^ x S'^ x X . 



1 Introduction 

Consider (M^",li;) a 2n dimensional compact symplectic manifold. A basic invariant which 
distinguishes among different symplectic structm'es on M is the group of symplectomor- 
phisms, Symp(M, w). This is an infinite dimensional group endowed with a natural C" 
topology. 

Two natural questions arise in relation with Symp(Af, a;) namely 

(1) What can be said about the topological type of Symp(M, w)? 

(2) How does the topological type change as lo varies? 

Research has been done in this direction by various authors [Abreu §, Le-Ono Q, Mo 



oo 



Duff [10 1, Seidel ll5|]] by using information on J-holomorphic curves. We investigate these 
questions by defining relative parametric GW invariants, which are sensitive to the topology 
of appropriate spaces of almost complex structures. The connection between the spaces of 
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almost complex structures and the symplectomorphism groups is achieved by means of the 
following fibration, introduced by Kronheimer ||^] and used in McDuff plj : 



Sympo(M, oj) Diffo(M) ^^^^'"^''^ ^ 5^ (1) 

where S^^ is the space of symplectic forms which can be joined to w through a path of 
cohomologous symplectic forms, Diffo(M) is the connected component of the identity inside 
the group of diffeomorphism and Sympg(M, u) = Symp(M, w) nDiffo(M). Now consider Auj 
the space of all almost complex structures tamed by some symplectic form in S^j- By |11], 
Aoj is homotopy equivalent to 5^. This yields the following homotopy fibration: 



Sympo(M,u;) Diffo(M) A^. (2) 

Our strategy will be to define suitable pairs {A, A') of spaces of almost complex structures, 
such that information on nontrivial homotopy groups in {A, A') extends to information on 
SympQ(M, a;). We develop a version of relative GW invariants in family which detects such 
nontrivial elements in 7r*(^, A'). 
Outline of the methods 

In section 2 we will define the invariants as follows: Consider D S H2{M,Z) and let 
A^ D subspace of A^^ consisting of those almost complex structures J which do not 

admit J— holomorphic stable maps in the class D. For / an interval in M further define 
(AijAj £)) = \Jujx€l('^'^x^ •^'ujx -d)' '^hsre the cohomology of symplectic form [ujx] is deformed 
along a line L inside a positive cone JC E //^(M, M). 

Consider a family of almost complex structures {JB,JdB) that represent an element in 
7T^{Ai,A'jj^). We will define a homomorphism 

k 

PGW^%'''-^"^^ : H"^ (M, Q)^' ^ Q (3) 

i=l 

by counting J^-holomorphic stable maps in class D, for all 6 € i?. This is well defined because 
the class D is never represented as a J^-holomorphic stable maps if 6 G dB. We have the 
following 

Theorem 1.1 i) The invariants PGW^q '^^''^^^^ are symplectic deformation invariants and 
depend only on the relative homotopy class of the pair (JbtJob)- 

ii) For a fixed choice of k,D and ai the map &o,k,ai,... ,a^. ■ '^*{Ai,A'j j^) Q, given by 

ek,au...,aMJB,JaB)] = PGW^'f^'''-''^\au...,ak). 
is a homomorphism. 

The reason why (i) holds is that the class D is never represented for a Jb with b G dB. 

In section 3 we will exhibit some examples of nontrivial PGW. There we consider the case 
when {M,uj) is x S'^ x X, where X is an arbitrary symplectic manifold and uj = lox ® Wsj, 
with uJx = ap (B X(7b- Here ap,aB are forms on the fiber and base respectively, of total 
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area 1,A > 1, and Ust is arbitrary symplectic form on X. The families {JbjJsb) of almost 
complex structures are provided for S"^ x S*^ in and then further investigated in ||3[. One 
has to look at a quotient singularity, C^/C2£, where €21 is the cyclic group of order 2i 
acting diagonally by scalars on C^. The deformation space for the canonical resolution of this 
singularity provides a 4£ — 2 family {Jbi, QJei) G -^f) ^or which suitable PGW are 

nontrivial. 

The link between these examples and the corresponding groups of symplectomorphisms 
will be explained in section 4. It will be there where we explain the extent to which the known 
homotopy properties (see |^) of SympQ(S'^ x S'^,ujx) are reflected in the high homotopy groups 
of := Sympo(5^ x 5^ x X,ujx (Bojst)- For every M, a general symplectic manifold, we 
set the notation Gx := Sympo(M, wa)- 

To be able to give any answers related to the two questions posed in the beginning, one has to 
establish first a more precise language in which they make sense. One of the difficulties is that 
in general there is no direct map Gx Gx+e- In the particular situation M = S*^ x x pt 
Abreu-McDuff in and jl^ find natural maps G^ ^A+e' ^^^^ defined up to homotopy, 
and prove: 

Theorem 1.2 (Abreu-McDuff) (i) The homotopy type of G^ is constant on all the intervals 
{i — 1,£] with i > 2 a natural number. Moreover, as A passes an integer i,£ > 2 the groups 
Tri{G^),i < 4£ — 5, do not change. 

(ii) There is an element wg G 7r4£_4(G^*) x Q when i — 1 < X < i that vanishes for \ > £. 

When we deal with a general manifold M, to get around the fact that there is no map 
Gx — Gx+e we show that for any compact K C Gx, the inclusion x K C Gx extends to a 
map h that fits into the following commuting diagram: 

h:[-e,e]xK ^ ^ := U(Ga x A) C Diff x R (4) 

pri 



Moreover, for any two such maps h and h' which coincide on x K, there is, for e' small 
enough, a homotopy between them H : [0, 1] x [— e', e'] x K ^ Q which also preserves the 
fibers of the natural projections. We therefore see that, for any cycle p in Gx there are 
extensions in Gx+e which, for e sufficiently small, are unique up to homotopy. Hence they 
give well defined elements in 7r^,Gx+e- 

It will therefore make sense to ask what will become of an element p € tt^^Ga inside 7r^,GA+e, 
for small e. In this language we say that an element 61 E vr*G^ is fragile if any extension 9i^^ 
is null-homotopic in Tr^{Gi^^) for e > 0. Also, we say that a family r]i^^ G Tr^G£^^,0 < e is 
new if there is no r]i € n^^Gi whose extension is r]i+^. We consider the space A£+ roughly 
given by Ai+ := C]o<e<eo 

We say that an element a E 7t^{Ai+ , Ae) is persistent if it has nonzero image under the map 

■K»{Ai+,Ai) TT^:{A[i^£+e],'^e)- 

The content of our main theorem is the following: 

Theorem 1.3 Assume that we have a persistent element 7^ G 'TTk{Ai+ , Ae) Exactly one 
of the statements below holds. 
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A) There is an uniquely associated non-zero fragile element 9e G '^k-2Ge, such that 
i^ee) = in ^fc_2Diffo(M). 

B) There exists an eg > and an uniquely associated family of new elements ^ 7/^+^ G 

We should point out that our methods do not allow us to decide in general whether the 
image of in Diffo(M) is zero or not. 

We show that the hypothesis of the theorem is verified when M = S'^ x S"^ x X. We 
consider D = A - iF. Since [ap © Xctb © Wst](^ - iF) = we get that Ae C ^. In 

this situation the 4-^ — 2 dimensional elements {Bi,dBi) obtained in section 3 are detected 
as nontrivial in Tr4i_2{A£+ , Ai) and are persistent. In fact in general PGW invariants detect 
persistent elements. By varying the value of the integer £ we obtain infinitely many values 
of A for which higher order homotopy groups of are nontrivial and also make a more 



detailed discussion regarding the stability of the elements wi provided by theorem |1.2| inside 
. This is the content of the following: 

Corollary 1.4 For any natural number i > 1, exactly one of the statements below holds. 

A) There is a non-zero fragile element wf € TTif^-^Gf , such that i^{wf) = in 
7r*Diffo(5'^ X 5^ X X). This element can be identified with wg x id. 

B) There exists an eg > and a family of new elements ^ vf+e ^ ^4^-3G'^^,0 < e < e^. 

In particular this shows that the fragile elements obtained by Abreu-McDufi' for^ > 1 
do not disappear when we consider them inside S"^ x S"^ x X. One possibility is that ^ 
W£xid G T^4e-4{Gf). If this is not the case, then we have the associated new 4£—3 dimensional 
elements ^ T^u-^Gfj^^ for small e > 0. For general X, when ^ = 1 it is known by 

work of Le-Ono that B takes place and / z*(r/£+e) € Diff(S'^ x S"^ x X). Also, for A = pt 
and i > 1 from the work of Abreu-McDufi' we know that A takes place. 

We do not have examples when case B takes place and z^,(r/£+e) 7^ G Diff(M). 

Our method had been inspired by P. Kronheimer's work, who uses parametric Seiberg- 
Witten invariants in dimension 4, as well as by the work of D. McDufi' [10|. Similar work 



has been done in this direction by Le-Ono in[y; by looking at related but slightly different 
parametric GW invariants they get results about 7rj(SympQ(S'^ x x A, w^j^j^^J) when i = 
1,3. In section 3 we could consider C^/C2^+i instead and by carrying out similar arguments 
get the same type of results for CP^#CP^ x X. 

Acknowledgments This is part of the author's doctoral research at SUNY Stony Brook. 
The author would like to thank her advisor, Dusa McDuff, for her suggestions, advice and 
comments on earlier drafts. 



2 Relative parametric GW invariants 
2.1 Definition and properties 

Consider B to be a compact manifold with boundary and a smooth map i : {B,dB) — > 
{Ai^A^ij^). Although the invariants can be defined with this data regarding the parameter 
space, for the applications we have in mind we will consider B to be an n-ball such that 
i represents a relative homotopy class in T[t,{Ai,A'j £,). We will often write Jh := i{b) and 
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Jb = im(i), and refer to \m.B in Ai as Jb- Consider also a smooth family of symplectic 
forms {oJbjb&B where ujh tames Jf,. We point out that the ujh need not be cohomologous, 
as the taming condition is an open condition. Our goal here is to show how we can define 
parametric GW invariants relative to the boundary SJb, which count Jh holomorphic maps 
for some b (z B. These will not depend either on deformations of the family lob or on the 
relative homotopy class {JbiQ-Jb) C {Ai,A'j j^). 

Consider A^q f^{Mj D, {Jb^ QJb)) the space of tuples (b, f , xi, . . . , ) where f : ^ M 
is a simple F| J^-holomorphic map in class D, for some b £ B and Xi are pairwise distinct 
points on S . We will consider 

M*o,k{M,D,{JB,dJB)) = Mlk{M,D,{JB,dJB))/G 

where G = PSL(2, C) acts on the moduli space by reparametrizations of the domain. Denote 
the elements of Mq k{M, D, [Jb^QJe) by [6, /, xi, . . . , Xk]- 

In the best scenario, for a good choice of (JbjQJb), the following hold: 

(1) Ml f^{M, D, {Jb^QJe)) is a manifold of dimension 2n + 2ci{D) + 2k + dvcaB and 

(2) := M*Q ,^{M,D, {Jb^BJe)) is compact. 
Then the image of the map 

ev : MlkiM, D, [Jb^OJe)) ^ (5) 

with ev{[b, f, xi, . . . , x^]) := (/(xi), . . . , /(x^)) will provide a cycle ev^:{A4Q ^) in M'' which, 
by intersection with homology classes of complementary dimension in M^, gives the para- 
metric Gromov-Witten invariants. 

As we will see in the regularity discussion below, (1) is always possible to accomplish by 
Sard-Smale theorem. However, (2) is seldom true; the compactification M.Q k{M, D, {JB,dJB)) 
of A4q^(M, D, {Jb^QJe)) contains both stable maps and nonsimple curves, which we some- 
times call multiple cover curves. We will spell out some of these notions later in this section; 
for more information, the reader can check Q, |14], 



^Ao^k{M, D, {JB,dJB)) is a stratified space. The best we can hope is that the image of 
the evaluation map ev : Mq ^ — > a pseudo-cycle, or differently said, the boundary strata 
in the image will be codimension 2 or bigger. If this scenario works we can still define the 
PGW as the intersection between the image of ev and classes of complementary dimension 
in H^{M^). This will be for instance the case when the class D is Jh indecomposable for any 
b (z B, that is, no Jb holomorphic map in class D can decompose into a connected union of 
Jj, holomorphic spheres C = |J |J . . . |J such that each C* represents the class Di 
and D = Di -|- . . . -|- Djsf. In fact, in this situation the image of ev is a cycle. This hypothesis 
will be enough for the application we have in mind. 

Definition 2.1 We will say that the hypothesis Hi is satisfied if the class D is Jb inde- 
composable for any b € B. 

Parametric regularity 

We begin by explaining what is D-parametric regularity and contrast it with the usual 
D-regularity for J (see |T2| ). For this we need to introduce the following facts. 



"'^ We say that / : S ^ M is simple if it is not the composite of a holomorphic branched covering map (S, j) 
(S', j') of degree greater than 1 with a J-holomorphic map S' M . 
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Let X = Map(S, M; D) be the space of somewhere injective smooth maps f : T, ^ M 
representing class D. This is an infinite dimensional manifold with TjX = C°°{f*TM). We 
will next consider the following generalized vector bundle £ — > B x X, whose fiber at (b, f) 
is the space £hj = Vpj^{f*TA4) of smooth antilinear forms with values in f*TM. In this 
vector bundle we consider a section ^ : B x X — > £, given by 

^bJ) = ^{df + Jbodfoj) (6) 

The zeros of $ are precisely holomorphic maps and thus the moduli space 

MloiM,D,{JB,dJB)) = <^~\0), 

is the intersection of im$ with the zero section of the bundle. Since we would like 
AIq fc(M, D, {Jb, OJb)) to be a manifold we require that $ is transversal to the zero section. 
This means that the image of d^{b, /) is complementary to the tangent space TbB © TfX of 
the zero section. But for any / which is holomorphic, is given by 

/) : TbB © C^ifTM) nB © TfX © £bj 

If we consider now the projection onto the vertical space of the bundle: 

pro32 : nB © TfX © £bj £bj 

the above transversality translates into the fact that 

d^{b, f) o proj2 : TbB © C^{rTM) ^f^i^, fTM) (7) 

is onto. We will make the notation D^(b, f) = d^{b, f) oproj2- We then have: 

Definition 2.2 We say that a Jb holomorphic map f is Jb parametric regular if D^{b, f) is 
onto. 

Observation: The linearized operator is well defined if there is no pair (6, /) with / Jb 
holomorphic and b G dB. This is precisely the condition we imposed on {Jbt^Jb) to give a 
relative cycle in {Ai,A^j £,). 

Definition 2.3 Consider {Jb,ujb) as above. We say that (JbjJob) is an D-parametric 
regular family of almost complex structures if any Jb holomorphic map in class D is parametric 
regular. We denote by Jpreg{D) the set of all D-parametric regular families {JbiQJb) £ 
{Ai , A'j J)) . 

In order to apply the implicit function theorem and Sard-Smale theorem we must work on 
Banach manifolds and hence complete all spaces under suitable Sobolev norms. For example, 
one should to work on spaces consisting of almost complex structures of class C\ on X^'^, 
with kp > 2, the space of maps whose k-th derivatives are of class L^. Also, we should work 
on 

= LP(A°'i (g)j f*TM)) 

^We say that a map f : a ^ M \s somewhere injective if d}{z) / 0,/^^(/(z) — z for some z £ S. A simple 
J-holomorphic map is somewhere injective (see 
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rather that with fij (E, f*TM). There are standard arguments ||T^ to show that one can pass 
the fohowing arguments from spaces of C' objects (which are Banach manifolds) to spaces 
of C°° objects (which are Frechet manifolds). For simplicity we will drop the superscripts 
I, k,p unless it will be relevant to specify them. We have the following: 

Theorem 2.4 If Jb £ Jpreg{D), then the moduli space A4q q{M, D, (Jb, OJe)) is a smooth 
open manifold of dimension 2n + 2ci{D) + dim 5, with a natural orientation. 

Moreover, if one considers Mqq{M, D, {Jb^QJe)) x (5"^)^ and takes away all the diagonals 

of the type Mqq{M, D, (J^, 9Jb)) xdiagj what we obtain is precisely Mq ^(M, D, {JB,dJB)) 
This will therefore be a manifold of dimension 2n + 2ci{D) + dimi? + 2k. 

Let A^o o(^' -^i) be the universal moduli space consisting of pairs (/, J) where J G Aj 
and / is J -holomorphic. It will be more relevant to the story to point out the following 
characterization of parametric regularity. 

Proposition 2.5 Consider the diagram 

Ml^{M,D,Ai) (8) 
n 

{B,dB) '-^{Ai.Alo) 

Then Jb G Jpreg{A) ijji (hU. 

Proof: For simplicity we will denote by Df^h = D^{b, f)\c°°{f*(TM)- By (j^ the surjectivity 
of D^{b, f) is then equivalent with the surjectivity of the following linear operator 

D(t)\T^B '■ TbB coker Dbj 

We will denote i{b) = J. The tangent space TjAi to Ai consists of all sections Y of the 
bundle End(rM, J) whose fiber at p G M is the space of linear maps Y : TpM TpM such 
that YJ + JY = 0; we will consider the map 

R : TjAi (S, f*TM) 

given by R{Y) = ^Y o df o j. The map 

dU : Tj^jM*o^q{M,D,Ai) ^ TjAi 
is given by dll{^, Y) = Y, where the pair (^, Y) is in Tj^jAIq q(M, D, Aj) if and only if 

Df40 + RiY) = (9) 

From this one can see that imDj^f, = R{im{dll)). Since Df,.f is elliptic and keri? C imdll, it 
follows that cokerdn has finite dimension. If we consider the map : X x Aj £, given by 
J-{f, J) = dj{f) then (see |jl^) the linearization at a zero (/, J) with / simple is onto. That 
is 

DJ^{f,m,Y)=DfC + R{Y) 
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is onto. This imphes that coker Df is covered by R. We can show that there is an induced 
map 

R : cokerdn cokerD^j 

which is isomorphism. The proof of the proposition then follows easily. D^^rp^^lY) = Rodi, 
so we have i <^ di ^ cokerdll onto <^ Ro di ^ cokerD^,/ onto. □ 

There are few key points to be noticed here. Notice that parametric regularity is a 
generalization of the usual regularity. Indeed, if we consider Jh = J to be constant for 6 in a 
neighborhood around 60 then the regularity of an almost complex structure J simply says, 
following the diagram above, that dll is surjective. If we now regard J within an arbitrary 
family Jb, this no longer needs to be the case. It will then suffice that the cokernel of dll' is 
covered by the variation of J in the direction of B. In subsection |2.2| we will see that, when 
we count rational maps, an equivalent criterion of parametric regularity will be given by the 
usual regularity in some suitable ambient space. 

There exist a large subset of parametric regular families of almost complex structures 



inside {Ai,A'j This is because one can employ Sard-Smale theorem [16| and show that 
any map i : {B,dB) — > {Ai,A'j ^) in the prop ( |2.5| ) can be perturbed to an i' such that 
i' ril n. 

Definition 2.6 We will say that {Jb, OJb) satisfies hypothesis H2 if it is a D-parametric 
regular family of almost complex structures. 

Compactness 

We have already mentioned that Hi is not verified for all parametric regular families 
of almost complex structures. Moreover, we cannot guarantee that for an arbitrary choice 
of a regular family, the image of the evaluation map (|5|) is a pseudocycle. That is because 
we could potentially have nonsimple elements in the compactification MQ^k{M, D, {Jb, QJb) 
which would yield boundary strata of high dimension. 

In the situation that S = pt there are various procedures [Li-Tian (||8|), Ruan 
Fukaya-Ono (||) to build up a theory which would provide a virtual moduli cycle, that is, 
an object which carries a fundamental class required for the definition of the invariants. 

Roughly speaking, locally one needs to consider here all the stable holomorphic maps 
as well as small perturbations of these. There are then various procedures to pass to a 
global object with the required properties. These go through without essential changes if one 
considers parameter spaces with no boundary [see Leung-Bryan(Q, Ruan( p^ )]. 

To make this more precise, let's first give the following 

Definition 2.7 A stable smooth rational map is given by a tuple (/, . . . ,Xk) satis- 

fying: 

1) Ti = IJ2=i ^« ^ connected rational curve with normal crossing singularities and 
xi, . . . ,Xk are distinct smooth points in S 

2) f is continuous and each restriction f^-^. lifts to a smooth map from the normalization 
% to M; 

3) If /|Si constant then contains at least three special points. Here, a special point 
is either a singular point or a marked point. 

We will quotient the space of stable maps by the group of automorphisms of the domain; 
define .Fd(M, 0, k) to be the space of equivalence classes [/, S, xi, . . . , x^]. The bundle £ can 
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be then viewed as a generalized bundle over J^r){M,0,k) and together with the section $ 
defines a generalized Fredholm bundle in the sense of Li-Tian, of index 2n + 2ci (D) + 2k — 6. 

In our situation we need to make sure that the boundary causes no problem. The following 
lemma basically states that if we consider an appropriately small open neighborhood of 
M.Q^k{M,D,{JB,dJB) consisting of almost holomorphic maps, then its projection onto Jb 
stays away from SJb- 

Lemma 2.8 For any compact set Jb S Ai such that OJb C A'f 3 a S > and e{5) > 
for which there is no stable map [/, ,Xk] such that djf = v, when d{J,dJB) < S 

and V G LP(A0'1 ®j f*TM) with \iy\ < e{6). 

Proof: We will prove this by assuming the opposite. Assume that we have a sequence Jj, 
Vi and fi such that d{Ji,dJB) ^ 0, = — > and each /, is a stable map in class D 
with the property that dj.fi = Ui. Since Jb is compact we find a convergent subsequence Jj, 
whose limit Jqo is in BJb- But this would lead to a contradiction because by the Gromov 
compactness theorem there is a subsequence of fi which converges to a Jqo stable holomorphic 
map in class D. This will contradict the fact that Jqo G OJb C A^j j^. □ 

With this lemma the following theorems hold exactly as in Q. 

Theorem 2.9 The section ^ : B x Tei{M,0, k) — > £ defined by equation ^ gives rise to a 
generalized Fredholm orbifold bundle with the natural orientation and of index 2ci{D) + 2k + 
2n — 6 + dim B . 

also 

Theorem 2.10 Consider two homotopic maps i : {B,dB) — > {A,A'fj) and i! : {B',dB') — 
(AjA'i)) that represent the same element imr^{A,A'jj). Suppose also that there is a deforma- 
tion between ojb and ojb'- U ^' and $ are defined by equation ^ for the pairs {Jb',u>b') and 
{Jb,^b) respectively, then <1> is homotopic to as generalized Fredholm orbifold bundles. 

Theorem |2.9| shows that there exist an Euler class 

e{[^:Bx Td{M, 0,k) ^£]) e Hr{B x Td{M, g, k) 

which gives the virtual moduli cycle for the moduli space of equivalence classes of stable 
parametric holomorphic maps in the class D, M.q ^(M, {Jb^QJe))- This is independent of 
the choice of {Jbi^b) by |2.1C . 

We will denote by [A^]"**" the virtual cycle. In order to define the invariant we consider 
the evaluation maps evi : B x Td{M, 0, k) M given by 

evi{b,[f,T.,xi,... ,Xk]) = f{xi) 

We then can define 

k 

1=1 

by 
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which are zero unless 



^ai = 2ci{D) + 2k + 2n-6 + dimB (10) 



i=l 



We should also point out that if one changes the orientation of B we obtain the same 
invariant but with a negative sign. 
We have the following theorem: 

Theorem 2.11 i) The invariants PGW^q'^^''^^^^ are symplectic deformation invariants 
and depend only on the relative homotopy class of (Jb, Job)- 

ii) For a fixed choice of k,D and Oi the map @o,k,ai,... ,ak '■ ^*(^/i^/d) ~^ given by 
&k,ai,...,ad[iJB,JdB)] = PGW^'^ljf''^^^\ai, . . . , Q!fc) is a homomorphism. 



Proof: Point (i) follows from theorem |2.9| and 2.1(\ . The fact that the morphism defined 



in point (ii) is well defined follows from theorem 2.10| . To show that it is a homeomorphism, 
we choose {Bi,dBi), and {B2,dB2) representing 2 elements Pi and P2 inside 7r^,(^, ^^). We 
can choose them such that we can concatenate them through a deformation process in which 
the J's in the intersection do not admit any e holomorphic maps in class D. We can therefore 
see that the new virtual cycle corresponding to the classes Pi + P2 will be a disjoint union of 
the virtual neighborhoods corresponding to Pi and P2- But this implies that the parametric 
invariants corresponding to the new class Pi + P2 are the sum of the PGW corresponding to 
Pi and /?2- Therefore G is a homomorpism. □ 

We should point out that in the situation that the family {Jb, Job) satisfies Hi and H2, 
then the integer valued invariants we obtain by intersecting the image of the pseudocycle 
ev*{Ml k{M, D, {JB,dJB))) with the classes {PD{ai), . . . , PD{ak)) in H^{M)'^ are the same 

as PGW^Q'l^''^^^\ai, . . . ,0^) defined above. Moreover, they can be obtained by counting 
the number of Jb holomorphic maps in class D with k marked points which intersect generic 
cycles representing (PD(ai), . . . ,PD{ak)) in f{zi). 



2.2 A criterion of parametric regularity for rational maps 

Consider a family of pairs {Jb' ,^b')b'eB' where each Jb' is an almost complex structure tamed 
by the symplectic forms uJb'- 

Since the regularity of a holomorphic map is a local statement within B and it only 
concerns the almost complex structure data, we claim that for each 6 G J B' we can restrict 
our attention to a neighborhood B such that the family Jb descends from a fibration in the 
following sense. We say that the family {Jb,^b) descends from a fibration M ^ M ^ B ii 
M comes with an almost complex structure J such that the restriction to each fiber M x b 
is an almost complex structure Jb- Moreover M admits a closed two form uj which restricts 
on each fiber M x 6 to a symplectic form uJb that tames Jb- Likewise, we can choose a 
trivialization of the fibration such that smoothly M = B x M and vr is just the projection 
on the first factor. In the following theorem we consider the family of parameters to be a 
subspace of C"^ and we denote by z the parameters in C™. 
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Theorem 2.12 Let (Jz,Wz)zgC'" be a family on M descending from the symplectic fibration 



M^^M (11) 

TT 

Suppose that f : E — > M is a Jq holomorphic map and consider the composite map 

f = iofJ:T, — ^MxOcM 

which is J -holomorphic. If f is regular then f is (Jz) parametric regular. Moreover, if 
T, = S"^ then the reverse statement holds. 

The proof of the theorem occupies the rest of the section. Let T| ^^^^M be the tangent 

space along the preimage of G C". We will denote by H the subbundle of T| _^^^^M which 
is uj orthogonal to the fiber {0} x M. We would like H to coincide with the horizontal space 
of TM with respect to the trivialization tt and to be J invariant. This can be arranged by 
deforming the form u so that near the zero fiber {0} x M it is given by 

UJ = UJo + Tr*{abase), 

where abase is a standard symplectic two form on the holomorphic base B. Throughout this 
deformation process J is still u> tamed. 

Let ^0 be a metric on Mq and V be the Levi-Civita connection on M associated with 
it. V^* will be the standard Levi-Civita connection on C^. We will denote from now on 
V = V X V**, the product connection on AI ~ C™ x M. The regularity of / : S — > M is by 
definition, equivalent to the fact that Dj is surjective, where Dj is the linearization of d, 

Dj : C°°(f*TM) ^ J^^^S, f*TM). 

Using the connection V we will derive formulas for Dj and express them in terms of the 

linearization _D$. 

Since M ~ C" x M and im/ C {0} x M, we have the following relations: 
r {tm) = r {tM,-H0)) = J\H © TM) = triv © /*(TM) 
where by triv we denote the trivial m-dimensional complex bundle over S. This gives 

C°°{f*TM) ~ C^itriv) © C°°{f*TM) (12) 
Given that each fiber is J invariant, and that H is J invariant along 7r~^(0), we obtain 
J7°^^(E, f*TM) ~ ny (S, f*TM) © J1°-3^(E, H) (13) 
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From (jT|) and (|T|) we obtain 



Dj : C^{triv) C^{f*TM) ^ (S> f*TM) i/) 

and by considering the appropriate restrictions we obtain the fohowing operators 

Di,,ert: C^itriv) nY{^,f*TM) 

D2,vert: C^{rTM) 0°'^(S,/*rM) 
D2,hor- C^iFTM) nyi^,H) 

We will sometimes use Dk = (Dk^vert, Dk^hor)i k = 1,2. 

To compute the formulas for these operators we will use the following general method 
(see^[|). Consider ^ G C°°{T.J*TM) and : [0, 1] x S — > M given by F^{t,x) = 

expj^ ^ {t^{x)) , for ^ sufficiently small. Let s : S — > TT, be a section and s its lift to 

T ([0, 1] X S) . We denote ^ the vector field in T ([0, 1] x S) corresponding to the parameter 
in [0,1]. Define ft{x) := F^{t,x). For any x G S, define the path 7I : [0,1] — > M given 
by jiit) = F^{t,x), the image under of [0, 1] x x in M. By the definition of F^, 7I is a 
geodesic path in M relative to the connection V. Denote by t^^ : T^^^f-^M — > T^__,(q)M the 
parallel transport in M along the curve 7^ := tI- To compute Dj{^){s) in general, one needs 

to consider the expression ^rf ^{dft{s) + Jdft{js)) and take its derivative with respect to t 
at t = i.e. 

1 d 



Dfi^){s) = 2^ {rUdftis) + Jdftijs))) (14) 



\t=o 

We define Const to be the subspace of C°^{triv) made out of constant sections. For the 
proof of the theorem, we are particularly interested in computing Di hor and the restriction 
of Di^yert to Const. 

In order to simplify the notation, we denote by x the coordinate on S and write the points 
in C"^ X M as (zi, . . . , Zmi y) where zi = wi + ivi and so on. For simplicity we denote the 
vector field in Const by = 8^^, and so on. Since we are going to work with an arbitrary 
choice of Wk and Vk we will refer to them simply as 9^, unless we need to be more specific. 

Lemma 2.13 The following relations hold: 

i) F>2,hor = 

ii) F)2^vert = _ 

iii) Di horiC) = dc^iCj^'^i £ C°°{triv), where dcm is the delbar operator in C™. 

v) {Di^yert)idz)is) = l^iJiz))\z=o{df{js) for a typical vector field in Const C 
C°°{triv). 

Proof: Since / = / o i c {0} x M we can naturally view any ^ G C°°{f*TM) as an 
element in C°°{f*TM) with values in the vertical direction tangent to {0} x M. We have 
that F^{t,x) = expf (t^) = ex.pZ^.{t^), with imF C {0} x M. This implies that the dft{s) 

are also vertical vector fields supported in {0} x M and, since J keeps r({0} x M) invariant, 
we have as well that the Jdft{js) are vertical vector fields in {0} x M. Similarly, is a 
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vertical section in TM supported in {0} x M and parallel transport along f{x) with respect 
to V is the same as parallel transport with respect to V. 
A direct application of (14) is that 

[DjC] (s) = 2 5^ {ijltis) + rlJdMjs)) = {DfO (s), 

which proves (i). Relation (ii) follows immediately from the formula above, taking into 
account that Dj£, = D2^vert{C)j ^-iid that imDj\c°^ f*TM C Vfj^ {T,, f*TM). 

For the proofs of (iii) and (v) we now consider ^ G C°°{triv). We can assume ^ = (j){x)dyj 

where (/> : S <— C™. In this situation, F^{t,x) = exp~ (tdw) = {4>{x)t,0, . . . ,0, /(x)). 

/ [-^j 

It then follows that the paths 'jx are straight lines in C" x f{x) C M and therefore the 
parallel transport along 'jx, Tt^x ■ T(^t,f(x))M — > Tqj^^x))^ is the identity. We are also going 
to consider the coordinates x G S of the type x = xi + ix2, and do our computations for 
s = dx^. 

If J{t) is the almost complex structure at ji{t) then J{t) has the form ( * ^ ) with 

\Bt Jt ) 

respect to the product structure x M. Moreover along 7r~^(0) we have J(0) = ? 

Therefore ^J(t) preserves the fibers, the same as J(t) does. Moreover, along {0} x M, J(0) 
preserves the splitting into TM and H. As we have seen parallel transport along 7l(i) is just 
the identity. 

Considering local coordinates on S x = xi + 1x2 and taking s = dx^ , we have: 



Di,hori(l)dw)idx^) = yrojH-§-t(rlxdft{dxi) + lTl^Jdftijdx^] 
= \projH§-t (dftidxi) + \JdJt{dx.,] 



|t=0 



t=0 



= ii(5..,(<A(x))t,0,... ,Q)^^^^ + \projH§i[jt)^^^^df{dx,)+ 
\projHJo§i idx2{<P{x))t,0, . . . ,0,4f(x))|^^o 

where, as mentioned before, (/> : S ^ C™". But here the middle term vanishes because df{dx2 
is a vertical vector and ^ J preserves fibers so we get that I ( J,) #(9. J is also a vertical 
vector. Then 



t=o 



Di,hor{4>dw){dxi) = ^dx,(l){x) + ^Jc"^{dx2)4>{x) (15) 

For the last expression we have to use that along 7r~^(0), Jq preserves the horizontal space 
H, so projn ° Jo = Jc^ °projH- Therefore, the conclusion follows that Di ^or = dc^. 

To prove point (v) of the theorem we need to consider now S, = dw, that is ^ G Const. 
Under this assumption we have rf^dft = dfo. Thus 

§-^Tf-dUs) = 0. 
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As before, s is a just a section in TE. We then have 



= brojviiri^dftis)) +lprojy| r^-J(r^-)-M ■ df{js) 

^ ' |t=0 ^ ' |t=0 

^Ivrojvh {■ltn^,^dMjs))^^ = \projv (Vg^j) df{js) 

where we denote by projv the projection onto the fibers. Recah that takes vertical 
vector fields into vertical vector fields. Therefore 

IprojvVaJdfUs) = ^-l-(J{z))idfijs)) 

precisely because df{js) is a vertical vector field and because the covariant derivative along 
horizontal vector fields was chosen to be the standard connection in C™. Applying the same 
reasoning for id^ we see that 

It is worth to point out that -^(J(z)^^^q = (iV'o(^)- 

□ 



Proof of the theorem: ImpUcation Using lemma 2.13, point (v) we get the com- 

mutativity of the following diagram 



TjAi 

R 



(16) 



Const ■ 



where i : TqC" — > Const C C'^{triv) is the natural identification map and is the morphism 
from the parameter space to the space of almost complex structures, i? is, as mentioned 
before, given by R{Y) = o df o j. 

Since Dj is surjective by hypothesis of, this means that Di©L'2 is surjective. We therefore 
have, by lemma ( p. 131 ) (i),(ii), 

Dl = (I?l,.ert,i^l,hor) : C^^itHv) - 



■cokerDf eny{T,,H) 



(17) 



is surjective. Since the kernel of the (?c™ operator on C™ consists precisely of constant sec- 
tions, lemma 2.13| (iii) implies that -^^^^^(0) = Const. Therefore we have that the operator 

iDi^vert)\const ■ Const ^cokerDj is surjective. But this will imply that 



Dl^vert\„ oi ■To<l 



■ cokerDj . But as we saw in the proof of 2.5, R induces an 



isomorphism R : cokerdll — > cokerD2 and moreover the diagram 16 will be still com- 
mutative if we restrict dip and Di^uert to cokerdll and cokerD2 respectively. Therefore 
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dip ■ ToC" ^ cokerdn. is surjective. By proposition 'Lb, this yields exactly the para- 
metric regularity. 

For the inverse implication, we notice that since Di^hor is Bq"^, it will cover the space 

ri~^(S, H) when S = 5^. By hypothesis we have that dip : TqC" ^ cokerdll. is surjective 

and the above observation implies that 

Di = {Di^vert,Di^hor) ■ C°°{trw) ^cokeiDf © nY{^,H) (18) 

is also surjective. Therefore Dj is a surjective operator. □ 



3 Resolutions of singularities and relative PGW 
3.1 Quotient singularities 

In this subsection we will give an overview of work of Kronheimer [Q] and Abreu-McDuff 
on how to construct special families of almost complex structures arising from the study of 
the total spaces of deformations for some quotient singularities. In the end of the section 
we will explain how these families serve our purpose of counting nontrivial PGW. The local 
picture is as follows (see Kronheimer Q): 

We consider the particular type of Hirzebruch-Jung singularity Yq = C^/C2£, given by the 
diagonal action by scalars of C2e on C^, where is the cyclic group of order 2£. This admits 
a resolution ao : Yq —i- Yq where Yq is the total space of the line bundle of degree —2£ over 
CP^. The exceptional curve of the resolution, we will call it E, is a curve of selfintersection 
—2i and is the zero section of Yq. This resolution admits a 2^ — 1 complex dimensional 
parameter family of deformations ,Yt,t € C'^^~^. With the exception of the case i = 2 the 
total space 1" = |J It of the family of deformations is the total space of the vector bundle 
0{—l)'^^. More precisely, we consider the exact sequence of bundles 

0{-2e) ^ 0(-l)2^ ^ (19) 

where r is given by evaluating at 2£ — l generic sections of the dual of y, Y* = 0(1)^^. Since 
holomorphically O^^"^ is trivial, we can project it to its fiber C^^"^ and hence we obtain a 
submersion q : 0{-l)^^ C^^"^ with Yf = q'^{t). Also it can be seen that Y is smoothly 
isomorphic with Yq x C^^"^ and a choice of trivialization provides an isomorphism 

e-.Y = YqxC^'-' (20) 

We consider now a 4^-dimensional basis of sections in the dual Y*. Here the space of 
holomorphic sections is given 

by ©•=! i/°(CPi, 0(1))=(C2)2^. Denote by Y the subspace of 
(C^)^^ consisting of 2i -tuples of vector in which span either zero or a line. By evaluating 
all the 41 section we obtain a map 

a:Y ^Y CC^^ 

which contracts ii^ to a point 70 = cr{E). Moreover, 70 is the only singular point of Y. and 
the morphism is one to one outside E. We also define a map g : y — > by evaluating at 

the original 2£ — 1 generic sections. The following diagram commutes 
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^2^-1 c^e-i 



We can obtain a 2-form r on y by pulling back a Kahler form from C . Via a* this can 
be seen as a two form on Y which restricts to a Kahler form rt on each fiber 1^ if t 7^ but 
degenerates along E when t = 0. If we further push forward through 9, these forms can be 
seen as a family of forms on the manifold Yq. 

As in 1^] , we can choose an appropriate compactification of the local picture as follows : 
Let B^^~'^ be the unit ball in C^^~"^. We have a family (Yt, jf,Tt)t^B^^-'2^ where each 
(Yt, j/, r/), t 7^ is a Kahler manifold diffeomorphic with 5^ x S^, and, {Yq, Jq) is a complex 
manifold, also diffeomorphic with S'^ x S'^ and tq degenerates along A — £F. The total space 
of the family has the following properties: 

a) The space Y = LI^^B4t~2Yt is smoothly diffeomorphic with 5^ x S"^ x Moreover 
y is a complex manifold with a complex structure which restricts to each fiber Yt to the 
complex structure Jf. Also, Y has a closed (1, 1) form r which is satisfies all the properties 
of a Kahler form outside the zero fiber and restricts at each fiber to the forms, rj . 

b) The form r restricted to Yq degenerates along the exceptional curve A — IF 

Since the forms are obtained by restricting the closed form r to fibers it is immediate 
that they are all in the same cohomology class. Moreover, since (to)|a-£f = we obtain that 

From (a) we see that there is a holomorphic projection vr : y — > 5^ x B^^~'^. This is 
because every Yt is a ruled surface therefore it fibers over S"^. If we denote be a the area 
form on S"^ we can construct a two form 

For A > ^ these forms are Kahler forms and moreover they restrict to each Yt to symplectic 
forms in the class [oJ\\. This proves that any jf is tamed by a form isotopic with uj\ as 
long as A > We now follow a similar procedure to construct a family of symplectic forms 
G B^^~'^ such that each ujt tames j/. We will now change the forms Tt by perturbing 
with a a positive factor of ■K*{a) only around t = and smoothen with a cut-off function. 
By this procedure we obtain symplectic forms cot with variable cohomology classes. 

In conclusion, we have pairs (5^ x 5^, Jt ,0Jt)teB'i'~^ where uJt is a symplectic structure on 
5*^ X S"^ that tames j/. Moreover [uJt]t£S'^'-^ — i^il- This gives a family of almost complex 
structures which we denote by abuse of notation B^ such that (Bf^dB^) € {A[£^£^^], Ai) for 
any e > 0. More importantly, only Jq admits the exceptional curve in the class A — IF. 

We will then obtain a family of almost complex structures on (S*^ x 5^ x X) by taking 
(j/ X Jst), and by abuse of notation, we will call this family also B^. Therefore we just 
produced on (5*^ x 5^ x X) pairs {Bg,dB£) C {A[£^i^^], Ag), with e > that represents an 
element Pi in 7r*(^[^ Ag). Moreover each Bi C At+e for any small e > 0. 

From the choice of the J's we know that the only structure which admits A — IF curves 
is Jo x Jst- 
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3.2 The computation of PGW 

Here we prove that (Hi) and (^^^2) are satisfied for tlie family (BijdBi), and therefore the 
invariant is integer valued and can be obtained by counting holomorphic maps intersecting 
generic cycles of appropriate dimension. 

Claim 1. The family (B£,dBi) satisfies (Hi) . 
Proof of claim 1: This is proved by inspection. Only Jq x J^t admits A — £F stable maps, 
and the only maps in this class are copies of the imbedded map E in any fiber 5^ x S"^ x pt. 
Hence there are no decomposable Jf, holomorphic maps. We should point out that for other 
almost complex structures 3 on x S'^ x X one could have decomposable J-holomorphic 
maps in the class A — £F. □ 

Claim 2. The family [Bi^dBf) satisfies H2 ■ 
Proof of claim 2: From the sequence ( [T9|) we have that the map E, which is J^-holomorphic 
has the normal bundle 0(— 1)^^ and therefore we can apply lemma 3.5.1 pg 38 in ||l^ for the 
integrable almost complex structure J. If follows that E is regular inside Y . If we consider 
now Y X X and x Jgf, the curve E lies entirely inside Y and therefore the normal bundle 
inside Y x X is 0(— 1)^^ x trivial, and therefore the curve is is x Jg^ regular. This splitting 



and therefore regularity use the fact that the map E is of genus zero. Theorem 2.12 implies 



parametric regularity and therefore (-^2) holds. □ 
We can therefore conclude that the invariants 

k 



i=l 



are integer valued. We have two situations. First, if X = pt then the moduli space of 
unparametrized curves has dimension so we would count isolated curves. This follows 
immediately from the fact that ci{A — £F) = —41 + 2 (adjunction formula) and therefore 

dim 0(52 X S^,A-eF,{Bi,dBe)) = 2 x 2 + 2ci(^ - ^F) + dimS^ - 6 

= 4- 4^ + 4 + 4£ - 2- 6 = 0. 

Moreover, the invariant PGW^^p^^'^^'^'^^'\[pt]) = 1 because it counts E, the only Jf,^ 
map in the class A — iF. 

In the situation that dimX = n > 0, we will count maps with one marked point. ci{A — 
IF) will be the same since the holomorphic maps in class A — £F will have the image entirely 
in the fibers S'^ x S'^ x pt. we therefore have 

dimMliiS^ xS^ X X,A-£F,{Be,dBe)) = 2 x (2 + n) + 2ci(^ - ^F) + dimS^ - 6 + 2 

= 2n + 2 

We will consider a cycle in the homology class F which will lie in a fiber S'^ x S'^ x pt inside 
S"^ X S'^ X X. It easily follows that the only J^^ holomorphic map with one marked point 
which intersect this cycle transversely is a copy of the map E inside the fiber S"^ x S*^ x pt. 
We obtain that 

PGwf_''^fQ\^'^^''^^'\PD{[F]) = 1. 
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Applying theorem 2.11 we obtain that the morphism Q in both situations is nontrivial 



and therefore there is a nonzero element 

Pi G TTu-2{{Aie^e+e], Ae) for all e > (22) 
that is represented by the cycle (BgjdBi) C {Ai+eT^^e+e d)- 

4 Almost complex structures and symplectomor- 
phism groups 

4.1 Almost complex structures and symplectomorphisms; de- 
formations along compact subsets 

In this subsection we will give a quick overview of what can be said about the behavior 
of spaces of almost complex structures and about the symplectomorphisms groups as the 
symplectic form varies. 

We will restrict our attention to variations of the symplectic form lo along a line L inside 
/C, parametrized by the real parameter A. If L happens to be a ray Xto, A > then Gx is 
independent of A. It will therefore make sense to consider L ^ ray. 

If M = S'^ X S'^, a great deal is known about the structure of see |1C]. For example, one 



can establish that there is a direct inclusion A\ C .4^', for A < A'. Moreover, the homotopy 
type of the spaces Ax changes only as A strictly passes an integer £. 

None of this is known to hold for M an arbitrary symplectic manifold. Nevertheless, as 
a consequence of the fact that taming is an open condition, we are able to establish the 
following lemma, which we use in the proof of the theorem |2.12| 

Lemma 4.1 i) Let K' to be an arbitrary compact subset of A\. Then there is an ex' > 
such that K' is contained in A\j^^, for |e| < ek' ■ 

ii) Consider K an arbitrary compact set in Gx. Then there is an ex > and a map 
h : [—€K,eK] x K —* Qii such that the following diagram commutes 



h : [-ex, ex] x K ■ 

pri 



pr2 



(23) 



[-eK,eK] 



incl 



(— oo, oo). 



Moreover, for any two such maps h and h' which coincide on x K , there exist, for an 
e' small enough, a homotopy H : [0, 1] x [— e', e'] x K ^ Qu between them which satisfies 



H : [0, 1] X [-e', e'] x K - 

pri 

n incl 



L 

pr2 



(24) 



(— oo, oo). 
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Proof: Subpoint (i) is an immediate consequence of the openness of the taming condition. 

For the proof of (ii), let's first notice that, since the symplectic condition is an open 
condition, there is a convex neighborhood U of ivx inside the space of 2-forms such that any 
closed u' in U is still symplectic. Moreover for any g^g (z K C Gx and any symplectomorphism 
gk ^ K which is sufficiently close to gkg we can choose e{ko) > small enough, such that 
gl.LOx+e is still inside U, for all < e < e(A;o). Since K is compact we can do this process 
finitely many times such that in the end we have an e{K) > such that for any g^ & K 
gliJx+e G U, forall < e < e{K). We will construct the elements h{e,k) as follows. For 
t £ [0, 1] the forms 

Uji^X+e ■= tgluJX+e + (1 " t)uJx+e 

are symplectic since both g^uix+t and uJx+e are inside the convex set U. We now apply 
Moser's argument and obtain a family of diffeomorphisms S,k,\+e,t with the property that 
x+e t^k A+e ~ "^A+e- We will now define h{e, k) := gk o ^k,\+e,i- Then h has the required 
properties. 

For an arbitrary h : K x [— e, e] satisfying (|2^) we take a homotopy F : [0, 1] x [— e, e] x 
iiT — > M X DiffM given by F{t,e,k) := (e,h{te,k)). This gives a homotopy between h and 
ho : [— e,e] x K — > M x DiffM, where ho{e',k) = h{0,k). We similarly obtain a homotopy 



F' between h' and ho, where h' also satisfies (23). By concatenating one homotopy with 
the opposite of the other we obtain a homotopy between h and h' which we call G : [0, 1] x 
[— ei,ei] X — > M X DiffM. Denote by gs,e,k '■= G{s,e,k). We will now follow the same 
procedure as before. Namely, we restrict to a short interval [— e', e'] such that, if we call 

^^l,k,\+e '■= t9*s,e,k^X+e + (1 " t)uJX+e 

then these are symplectic, VO < |e| < e' and \/t, s G [0, 1]. This is possible because k x~ '^A- 
Applying Moser's argument again we obtain diffeomorphisms £,s,k,x+e,t with the property that 
C,k,x+€,t^i,k,\+e, = '^A+e- We will uow define H{s,e,k) := gs,e,k ° 6,fc,A+£,i- Then H has the 
required properties. □ 

Definition 4.2 Let p : B ^ Gx he a cycle in Gx- An extension p'' of p is a smooth family 
of cycles p^ : B ^ Gx+e defined for \e\ < eo such that p^ = p and satisfying (fl^j. Using ^ 
(i) every cycle p has an extension. 



Observation : Consider two extensions Pi,0 < \e\ < ei and P2,0 < \e\ < €2- By ( |24D there is 
an e' > and a homotopy between p\ and pi defined for all < e < e'. Hence any extension 
provides well defined elements in Tr^,Gx+e for small values of e. Therefore each [p] e ^^^,{G^) 
has an extension [p^] € 7r*(G^^^) whose germ at e = is independent of the choices of p. 

Definition 4.3 We say that a smooth family of elements [p''] € 7^^,G;^_|_£, < e < Cp is new 

if it is not the extension for e > 0/ any element [p] G vt^Ga. 

In the next section we will use the same letter p to refer both to cycles as well as to the 
homotopy class they represent. 
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4.2 The relation between almost complex structures and sym- 
plectomorphism groups; the role of PGW 

Consider (M, ujx) symplectic structures on M such that as before, the symplectic forms a;^ 
span a Une in a positive cone /C inside H'^{M,R). Denote by 

Ai+ = {J I there is an ej > s.t. J G Ai+e forall < e < ej} (25) 

Definition 4.4 Consider a nontrivial element [i^ G ^^.{Ai+^Ai). We say that f3£ is a per- 
sistent element if its image under the natural morphism 

i*iT* {Ai+ , At) TT* {A[i^i+^] , Ai) 
is nonzero for any e arbitrary small. 

Proof of the theorem |1.3| : We will consider the long exact sequence of relative homotopy 
groups of the pair {Ai+,Ae) 

^ TrkA£+ ^ 'n'k{Ai+ , Ae) *- nk-iAi ^ Trk-iAi+ ^ 

Since by construction /?£ G 7rk{A£+ , Ag) is nontrivial, then one of the two following cases 
can happen: 

Case 1 (3i^je^0 e TTk-iAg 

Case 2 I— > G TT^-iAe. In this situation, there is an element 7^ G TTkAi+ where 
ai ^ Pe. 

We will do the analysis case by case for our situation: 
Case 1 If we are in this case then we consider the fibration (^), that yields 

Ge -Diffo(M) ^Ae 

We consider the long exact sequence in homotopy 

vrfc-i(G,) 7rfc_iDiffo(Af) 



^ TTk-lAt ^ TTk~2G£ TTk^2^iSo{M) ^ 

Again, there are two possibilities: 

i) 7^ ~* 7^ ^ '^k-2Ge- In this situation, we have a nontrivial element 9^ G TTk-2Gi, 
such that 0£ I— > G 7rfc_2Diffo(M). Then we are in case A. 

This element is fragile. This can be proved by contrapositive. Assume that 9e can be extended 
by 6i+e which yields nontrivial classes in 7rfc_2G^+e. Then 6i^^ 1— > G 7rfc_2Diffo(M) as well. 
Therefore it appears as a boundary of an element je+e £ "^k-iAe+e which is homotopic with 
7^. But by construction and lemma (4J), we know that is a contractible cycle inside Ai+e- 
This contradicts the existence of 'je+t- 

Observation : Direct construction of the elements r]£^^ 

If the fragile element 9i'Kk-2Gi is trivial, then the elements r/^+e £ T^k-iGg+e are con- 
structed as follows. 

Since 9£ is trivial, it can be represented by a cycle 9£ which is the boundary of a A: — 1- 
dimensional disc Di G G^. By lemma (4.1) point (ii) we can extend Di to discs -D^+e inside 
Gf+e. Alternatively, we can push by extensions the cycles 9e into cycles inside Gi+e- 
These cycles are null homotopic therefore bound discs C^+e inside G^+g. Due to (p5), one 
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can see that 6£^e and are homotopic for small e, therefore we can glue C^+e and Z?£+e 

along their boundaries, and obtain a cycle which we denote by r/^+e- In what will follow we 
basically show that if Oi is trivial then r/^+e gives nontrivial elements in homotopy. □ 

ii) 7£ I— > G TTk-2G£. Then 7^ is in the image of the morphism 7r,t_iDiffo(M) iTk-iAe, 
and therefore there is an element, 7^ € 7rA;_iDiffo(M) such that 7^ 7^ 1-^ 7£. 

In this situation, we can choose a cycle S C Ae representing 7^ G TTk-i{Ai), and, using 
lemma (|4.l|) , there is an eg > such that for any e such that < e < £5,5" C Ae+e- We 
make the following 
Claim (1) 0=[S]e TTk-iAe+e. 

By hypothesis S is the boundary of a cycle Bi such that Bi C for all small e > 0. 
Therefore we have a k dimensional ball inside Ai^^ whose boundary is S, which proves the 
claim. We therefore have: 

7^ — > [S]=0 £ 7rk-iAi+, 

^ TTk-liGl+e) ^ 7rfc_lDiffo(M) ^ ITk-lAe+e ^ TTk-2iGl+e) ' 

I:, 

^ TTk-iiGi) ^ 7rfc-iDiffo(M) ^ T^k-iAt ^ TTk-2{Ge) ^ 

Here, from the first row, since 7^ is in the kernel of the map 7r4^_3Diffo(M) tt/^^iAi^^, 
it has to be in the image of the map 7rfc_i(G£+(r) 7rfc_iDiffo(M), and therefore we are able 
to produce an element 7^ r/^^^ € Tr^-iiGg^^) such that r/^+e persists in the topology of the 
group of diff'eomorphisms. Thus we are in case B. 

The elements we obtain here are new. This follows easily by assuming the opposite. That 
is, if we consider that there is an element 7^ r/^ G TTk-iGg whose germ is given by ry^+e, then 
the image of iji in Diffo(M) has to be 7^. But this contradicts the fact that 7^ 1— > 7£ 7^ 0. 
Case 2. In this situation we have a nontrivial element ai G TrkAi+. We then have the 
following : 

Claim (2) There is an e such that for < 6 < e ai has a representative G inside Ai^5, 
7^ [G] G TTkAe+s- The proof of this statement follows from the construction of a£. Namely, 
since 1-^ G n^^iAe we conclude that there exist a /c-dimensional disk D inside Ai whose 
boundary is dBf, by lemma ([4.1D (i) this can be viewed inside Ai+s for small 6. We can now 
glue Bi and D along their boundary dB^. In this manner we get a cycle G C Ae^s which 
represents the class ai. We can therefore consider again the sequence 
7Tk{Ge+s) vrfcDiffo(M) 

^ T^kAe+s ^ T^k-iGi+s ^ 7rfc_iDiffo(M) ^ 

Claim (3) [G] doesn't lift to a nontrivial element in 7rj!cDiffo(M). 

Proof: of claim (3) We should first make the observation that there is a map 

7rfcDiffo(M) ^ TTkAx (26) 

for any A and moreover as A varies this maps are homotopic in Aj. If G did lift, the map 
7r4^_2Diffo(M) T^kAe would produce a cycle [B] G Ai, which by means of lemma ([4.1|) can 
be viewed inside all for small e and which moreover is homotopic with C inside 
Therefore [G] would map to G 7r^.(^£+, ^f), which would contradict its definition. □ 
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Since [C] cannot be in the image of the map 7r/fcDiffo(Af ) — > TTkAi+s, we know that [C] must 
have nonzero image [C] i— > r]£^s 7^ in iTk-iGi^s. Moreover form the obvious properties of ex- 
act sequences again, 77^+5 through the natural inclusion map TTk-iGi+s — > 7rfc_iDiffo(M). 
The fact that this elements are new follows again by assuming the opposite. If they would 
form the germ of an element ri£ in Tik-iGi, then ry^ would also be null homotopic inside 
Diffo(M) so it would therefore come from a class \C'] in TTk^t- Moreover, C would be ho- 
motopic with C inside A^i^^j^s] therefore also in {A^i^^j^g^, Ai) which is false given that C has 
to yield a nontrivial element in ■Kk{A\^i^£j^ii]^A(). Thus we are in the case B of the theorem. 
With this, we have exhausted all the possible cases given by the nontrivial PGW. □ 



Assume that there is an i such that there is no J in Ai which can be represented by a 
J-holomorphic curve in the class D. Then we have the following proposition 

Proposition 4.5 Assume that no J in Ai admits J- holomorphic stable maps in class 
D. Consider an element 7^ € ■7t^{A£+ , Ae) obtained by counting nontrivial parametric 
Gromov- Witten invariants. Then Pi is a persistent element. 



The proof follows directly from the theorem ( |2.11 ). □ 
Now consider the manifold (5^ x x X,u)x(BuJst)- As explained in ( |2^ ) the cycles {B^,dB^) 



satisfy the definition ( p5|), s o they give by Prop ( |4.5| ) persistent elements in 'Kai-2{Ai+ , Ai). 
Therefore theorem (|l.3| ) applies and so the corollary (|l.4| ) holds. 
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